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This correspondence points out the insufficiency of the algorithm to generate 
the set of all fuzzy prime implicants of a fuzzy formula s presented in Lee and 
Chang (1971). Two theorems, which are the basis of a new technique that 
generates the complete set of fuzzy implicants, and used for the minimization 
of fuzzy functions, as presented in Kandel (1972), are discussed. 
In Lee and Chang (1971) the authors propose an algorithm to generate 
every fuzzy prime implicant of a fuzzy formula which can be represented 
either in conjunctive normal form or in disjunctive normal form. This 
algorithm (Algorithm B) is a modified version of another algorithm, which 
has been proposed to generate prime implicants of a switching function 
Slagle, Chang and Lee (1970). In their recent article, Lee and Chang pre- 
sented a theorem (Theorem 9) proving that Algorithm B is complete. The 
proof of this theorem is based on a lemma (Lemma 3) which is insufficient. 
Before proving our claim, we shall first present Lemma 3 and Theorem 9 
as presented in Lee and Chang (1971) and some preliminary definitions. 
DEFINITION. A phrase is a conjunction of one or more literals. 
DEFINITION. A formula S is said to be in disjunctive normal form if 
S = P1 -J- Pz + "'" + P~,  m ~ 1 and every P i ,  1 ~ i ~ m, is a phrase. 
DEFINITION. A formula S is said to be in conjunctive normal form if 
S ---- C1C 2 ".. Ck, h ~ 1 and every Cj, 1 ~-~ j ~ h, is a clause. 
LEMMA 1 [Lemma 3 in Lee and Chang (1971)]. _/1 phrase ~ fuzzi ly 
implies a clause C iff C contains at least one literal which appears in ~.  
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THEOREM 1 [Theorem 9 in Lee and Chang (1971)]. Given a formula in 
conjunctive normal form. Let W[S] and T be obtained as in Algorithm B with 
an ordering ON for each nonterminating node N of T. Then 
(a) Every element of W[S] is a fuzzy implicant of S, and 
(b) Every fuzzy prime implicant of S is in W[S]. 
The proof of Lemma 1 has not been presented in Lee and Chang (1971). 
However, their proof of Theorem 1 is based on this lemma. 
We shall illustrate the insufficiency of Lemma 1, Theorem 1, and Algo- 
rithm B found in Lee and Chang (1971) by the following counterexample. 
EXAMPLE 1. Let x 1 and x 2 be fuzzy variables and let F = Xl~'l(X 2 @- 22) 
be a function of x I and x 2 . Using Algorithm B we obtain the set of fuzzy 
prime implicants W[F] given as 
However, it is clear that x121 ~<0.5 and x 2 + 22 >~0.5. Therefore, 
F = Xlgl(X u + 22) ~ x1~1, and, hence, x1£ 1 is a fuzzy prime implicant of F 
which does not appear in W[F] as computed. 
Lee and Chang neglected the fact that a fuzzily inconsistent phrase 
implies a fuzzily valid clause C, i.e., x1~ 1 --~ (x 2 + 22) where ~ = x1£1, 
C = x 2 - /22 .  Hence, ~ implies C, where C and ~ do not contain any 
literals in common. 
However, the entire set of fuzzy prime implieants of a fuzzy formula can 
be generated by a modified version of iterated consensus. This modified 
version is based on the following theorems as presented in Kandel (1972). 
THEOREM 2. Let the set {Fi}~a=l be a set of fuzzy formulas over xl ,  x~ .... , Xn , 
and let F be a conjunction of formulas from this set. A disjunction Fa , of any 
formula Fe and its complement F~, can be appended to or deleted from the 
conjunction representing F, without affecting the value ofF, iff there exist func- 
tions F i and F, in the conjunction representing F. 
Proof. (i) Assume F, and /~i in F. Obviously, F,F i <~ 0.5 and thus, 
F ~< 0.5. However, Fa =- F~ + F~ >/0.5, and, therefore, 
F~F~Fa = F~B~ ,
for all Fa's of the above form. 
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(ii) Assume that no conjunction of a formula F i and its complement F i
appears inF. Thus, 0 ~F  <~ 1 andF  a =FT~ +P~ >/0.5 can fuzzily implyF. 
Two cases must be checked. Assume we append F a to the conjunction F. 
In general, we might have F > F a and then F d fuzzily implies F, which is 
incorrect. The second case is deleting F a from F. Let F = aF a , where ~ is 
a conjunction of formulas where 0 ~< ~ ~ 1. F can have the same value as 
F a in case that a > F a , and, thus, F a cannot be deleted from F. 
Hence, any appending or deleting of F a will, unequivocally, change the 
value ofF.  
THEOREM 3. Let the set {F~}~= 1 be a set of fuzzy formulas over  X l  , x 2 , . . . ,  xn  , 
and let F be a disjunction of formulas from this set. 
A conjunction F e of any formula F~. and its complement F , ,  can be appended 
to or deleted from the disjunction representing F, without affecting the value 
ofF, iff there exist functions F~ and F~ in the disjunction representing F. 
This is a dual theorem to Theorem 1, and a dual proof can be used. 
COROLLARY 1. Let F(xl , x 2 ,..., x~) be expressed in disjunctive normal form. 
A disjunction of any variable x~ and its complement ~,  1 <~ k <~ n, can be 
appended to or deleted from F, without affecting the function F, iff there exists 
a variable xi and its complement 2 5 in F. 
COROLLARY 2. Let F(xl , x2 ,..., x~) be expressed in disjunctive normal form. 
./t conjunction of any variable x z and its complement X~, 1 ~ l ~ n, can be 
appended to or deleted from F, without affecting the function F, iff there exists 
a variable xj and its complement ~j in F. 
As a result of the previous theorems the completeness of the following 
method has been proved to be true in Kandel (1972). 
DEFINITION 1. Let R and Q be two phrases over the set of fuzzy variables 
x 1 , xe ,..., x~. The fuzzy consensus of R and Q, written RT*Q, is defined to be 
the set of phrases {RiQi} , where R = x,R i and Q = xiQi (or R = 2jR ~ and 
Q = x,Q,) and x i E {xl, x 2 .... , x,~}, if the phrase RIQ i includes the conjunction 
x~ffj for at least one j, j ~ {1, 2,..., n}. If the set {RiQ,} is empty we say that 
n~9 = o. 
Any repeated literals or phrases are removed from the fuzzy consensus of 
R and Q. 
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THEOREM 4. A sum-of-products expression F = P1 + P1 + "'" + P~ for 
the function f (x l ,  x~ ,..., x~) is the sum of all the fuzzy prime implicants of 
f(xl  , x 2 ,..., x,) iff: 
(1) No phrase includes any other phrase, Pj ~ P~ for any i and j, i @ L 
i , j~{1,2,.. . ,r).  
(2) The fuzzy consensus of any two phrases, PigJPj, either does not 
exist (P, gtPs ----O) or every phrase that belongs to the set describing PigtPj is 
p included in some other phrase from { k)k=l .
Based on Theorem 4 a sufficient algorithm that generates all fuzzy prime 
impIicants and a new technique for minimization of fuzzy functions are 
presented in Kandel (1972). 
RECEIVED: May 18, 1972; REVISED: October 16, 1972 
REFERENCES 
KANDEL, A. (1972), On minimization of fuzzy functions, to be published. 
LEE, R. C. T. AND CHANG, C. L. (1971), Some properties of fuzzy logic, Information 
and Control 19, 417-431. 
SLAGLE, J. R., CHANG, C. L., AND LEE, R. C. T. (1970), A new algorithm for generating 
prime implicants, IEEE Trans. Computers C-19, 304-310. 
